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ABSTRACT
We study the equation (A + H)u = f where H is a self-adjoint operator
associated with the Dirichlet form in L2(IR%, pdz). A priori estimates of
the first and the second order derivatives of solutions are obtained under
minimal restrictions on the coefficients of the operator and measure. As
a consequence we give a criterion of the essential self-adjointness of the
operator H | C§° (IR%) with non-smooth coefficients.

In this paper we are concerned with linear elliptic second order equations in

weighted L2-spaces. These equations are connected with operators associated
with the Dirichlet forms which has been studied extensively in connection with

applications in quantum field theory and theory of Markov processes [1], [2]. We

study the smoothness of solutions of the equation

(A+Hu=f, A>0.
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Here H is an operator in L2(IR?, p(z)dz) associated with the closure of the form

(1) A= /IR‘

d

9]
aij(z) -6?“ 5;—] p(z)dz =< aVu, Vv >,
1 1

i,]=

D(h) = C(RY) .

The main result of our work is the estimates of the first and the second order
derivatives of the bounded solutions under minimal restrictions on the coefficients
and measure. In the special case a;; = 6;; (Kroneker symbol) the estimates of
the same kind were obtained in [3], for the corresponding parabolic equation in
[4] where the infinite dimensional case was considered. The above mentioned
estimates enable us to obtain a criterion of the essential self-adjointness of the
operator H | C°(IR?) which improves criteria known so far (see [5]).

The following notations are used below

L? = LP(IR%, pdz), | -|l, isnormin L7,

: d
< f,g >= /]R‘ f(a:)g(a:)pdz,z = Z , Vi= Er
i i=1 4

C is the set of all uniformly continuous bounded functions.
C° is the set of all infinitely differentiable functions bounded with their deriva-
tives. A is the vector of logarithmic derivative of the measure pdz, so §; = v—;ﬂ
in the sense of distributions.

A | D means the restriction of the operator A on the set D, AF means the
closure of the operator A in the space B.

We assume further p(z) > 0 for almost every z € RY,
pe L'(IRY), pai; € L}, (R, Vi,j=12,...,d,

Bi € L} (R4, pdz), ¥ i=1,2,...,d,

loc

(2) Ri5c — aj(z) eR', Vi,j=12,...,4
aij(z) = aji(z) Vi,j = 1,2,...,d and for almost every z € R*

ZE? < Eaij(x)ﬁiﬁj < AZ{?, veEelR?.
i i,j i
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All the functions are supposed to be real.
It is well-known that form (1) is closable under conditions (2) (see [6]).

We begin our consideration from the solutions of the equations with smooth

coeflicients
(3)  Aa=) (Vi+BP)a5ViUn=f, Baf;feCP A>0.
i,j
Let

An = (=) (Vi+BP)a;V; 1 C°)5 e, -
i’j

One can see from the maximum principle that the following inequality holds

true
Unlloo < A7 Iffloo -
THEOREM 1: Let U, be a solution of the equation (3). Suppose that § € L*.
Then
IVUl; < CUIFll% + 11£112),
) SOIViV, Ul < CUIFI + IAIR),
",j

where

C =CO )1+ 1813+ 11815+ 1 YO lafB:)213
] 1
+ 13 BRI + max | Vaai )
7 1

Proof: We follow the procedure in (7]. By the regularity theory U, € Cg°.
Multiplying both parts of the equality
AUn =Y (Vit+BaiWi=f, W;=V,U,
i’j
by V:Wk, V¥ = =V — B, yields after integration by parts
MWIE+Y < VWi, aly ViWe > + Y < (Via})Wj, ViWy >
i3,k i3,k
+ 3 < af(ViWi), BiWi > + ) < (Vial)Wj, BiWi >
i,5,k 1,5,k
+ 3 <alBIWy, VWi > + Y < aliBrW;, fWi >
i3,k i3,k

=N < f, ViWe> .
k

(5)
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We use the following notations:

I=Y <V;Wi,aViWi >, T =) <WialiW;, [W}?> .

ik iJ
Let us estimate terms in (5):

3 1< (Vial)Wj, Vil > |
i,5,k

< <Y WG (Veal YA, Qo (VW) 2 >
i ik ik
< <WIQ (Va2 (Vi)' >

1,5,k ik

<aT + 91+ Coy| Y (Vaal)’l, a>0, 7>0,
.5,k

3 1< af VWi, BiWy > |

5,5,k

< < Qo lagBD) 2, (VW) W] >
i ik

S oT +9I+ Cagll Y23 lafBil Il

E | < (Vka;})Wj, ﬂ.‘Wk > |

1,5,k
< < 1BI S (Vial))'2, S (WWie )2 >

i,5,k 1.k

1 n
< oT +CallBlf + 7 11 Y_(Vaal)? ,
1,7,k

Y < aliBrW;, ViWe > | < aT + 91 + Copall Y (Y lalBRNY 113
1,5,k ] H

n n 1 n n
D | <alBIWi, BWe > | < oT + CallBls + 4 13 laB7IIE
1,5,k 7 1

Y I< £, ViWe > | ST+ Caqlifl3
k

S U<f, B> [ < aT +CallBli + 3 I£IE
k
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Finally we obtain the following inequality:

MWIE + 1 <6T +Cs(Il S (Vealy)? I3 + 11813 + | Z(Z laZB:1)%12)

i,5,k

(6)
+Coall 3 la5B7 112 + A1)

Now let us prove the inverse estimate using the equation (3):
T =Y <WiaWj|W >= =" < Un, (Vi + Bi)alW;|W|* >
i, i,J
= < Up,(Wn = WP > =Y < U, IWP(Bi - B )alW; >
iJj
=2} <Un,diW;WeViW, >
5,k
<NV = Nl W13
+Unlloo(D_ < Wiah, W, W >)' 23 < |6: = A7, W >)'/*

(7 i) i,j
+20Unlloo( Y < VWi, af; VWi >)'/2(§: < Wil W, |WI? >)'/2
4,5,k iJ
2

SENARIWIE+ 7 T + 55 11 Z<(ﬂ. BYYaly(B; — B, W >

>¢

5 WART + 37 < 2T + x5 AT + 5 ARV
g AT+ g D8 = 81 8 = BN - I

Estimates (6), (7) with § = )\2 /20| f||%, imply the statement of the theorem.
Remark 1: Estimates (4) do not depend on the largest eigenvalue of the matrix
(@).

THEOREM 2: Let a;; € L™, Viaij € L*, fi € L* V i,5,k = 1,2,...,d. Then
(H | C(IRY)~ = (H | CP(IRY))* (ie. operator H | C°(IRY) is essentially
self-adjoint ).

Proof: Let f € C{°. Then U, € Cp*° where U, is a solution of the equation
(1 + A,)Uy, = f in the space C. We have the following equality in L*:

(1+ H)U, -f+Z(a - aij)ViV;U,

)J
+ Z(v ialy — Viai; VU, + Z(ﬂ," al; — Biai;)V;

1]
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Choose sequences {af;}, {f]'} such that

sup ||laf; — aij]lc < o0, li'xln llaf; — aisll2 = 0, li}ln IVial; = Vigijlla =0,
n

lim Z 187 a; — Biaijlla = 0.
Using Theorem 1 we have
lim ||(1 + H)Un = fll2 = 0.

So Ran((1+ H) [ C°)~ = L%
Let we C§°, 0<w <1, w(z)=1if|z|] <1land w(z) = 01if |z| > 2, wy(z) =
w(£). It is easy to check directly that

lim |(1+ H)waf ~ (1 + H)fll2 = 0

for Vf € C§°.

Remark 2: In the special case a;; = §;; this result was obtained in [4], where it

was shown that condition # € L* could not be improved.

THEOREM 3: Let A, = (=Y (Vi + BP)k*V; | C5°)g,. Suppose that § €
L4, B™ € C°,k € C°. Let Uy, be a solution of the equation (A + An)U, =
fi A>0, feCg°. Then

IEVUIIE < Cllfll%,

D EViVUall; < CllAI%,
i
where C = C(A)(1 + ||kBIiS + |k8™ 1% + IIVE]E), C(X) > 0.

Proof: Multiply both parts of the equation (A + A4, )U. = f by V}'k2Wj, W; =
V,U, in L?. Using the equation we have

MEWIE+T+4Y° < E29W;, (ViREW; > + Y < BVW;, Bik*W; >
i?j i’j
G) L4 (VRRWIE +2 < (VERW, kB > + < B"k>W, (f — AUn) >
+ < BEW, (" — BYRPW >=< f,(f = AUn) > + < f,(8" — B)k*w >

where I = 3, S [[K*V,;W;|13 .
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Using Holder’s and Cauchy’s inequalities to estimate terms in (8) we have
MEWNZ + 1 < SIEW II3+Ca(IVEI + 118112 + 11k8™13)
< (1l + 1) - 6>0, Cx>0.
Again using the equation after integration by parts we obtain
[EW|[; = < Un, BB |WP (AU, = f) > + < U, E*|W(B" — B)E*W >
—2 < Uy, (VEKW - BB|W[E > =23 < Uy, P WiW,;k*ViW; >

43

9

From the last equality
4 n
1EWIl: < 33 IFIST + Ca(IVEIl: + 118 = B IDIfIl% -
Combining this inequality with (9) and choosing § = A2/8||f||2, we obtain
the statement of the theorem.

Remark 3: It should be pointed out that estimates in Theorem 3 do not depend

on dimension.
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