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ABSTRACT 

We study the equation (A + H)u = f where H is a self-adjoint operator 

associated with the Dirichlet form in L2(IRd,pdz). A priori estimates of 

the first and the second order derivatives of solutions are obtained under 

minimal restrictions on the coefficients of the operator and measure. As 

a consequence we give a criterion of the essential self-adjointness of the 

operator H I C~°(IRd) with non-smooth coefficients. 

In this paper we are concerned with linear elliptic second order equations in 

weighted L2-spaces. These equations are connected with operators associated 

with the Dirichlet forms which has been studied extensively in connection with 

applications in quantum field theory and theory of Markov processes [1], [2]. We 

study the smoothness of solutions of the equation 

( A + H ) u =  f , $ > 0 .  
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Here H is an operator in LZ(IR d, p(x)dx)  associated with the closure of the form 

d 
h(u ,v )  = / I R  E a i j ( x )  Ou Ov p(x)dx =-< aVu,  V v  > ,  

d c~xi OXj (1) i,j=, 

79(h) = C (m a) 

The main result of our work is the estimates of the first and the second order 

derivatives of the bounded solutions under minimal restrictions on the coefficients 

and measure. In the special case aij = 6ij (Kroneker symbol) the estimates of 

the same kind were obtained in [3], for the corresponding parabolic equation in 

[4] where the infinite dimensional case was considered. The above mentioned 

estimates enable us to obtain a criterion of the essential self-adjointness of the 

operator H r C~(IRa) which improves criteria known so far (see [5]). 

The following notations are used below 

L p - LP(IR d,pdx), I1" lip is norm in L p , 

< f ,  g >= , f ( x )g (x )pdx ,  E =- , V i  - Oxi " 
i i=1 

Cb is the set of all uniformly continuous bounded functions. 

C ~  is the set of all infinitely differentiable functions bounded with their deriva- 

tives, fl is the vector of logarithmic derivative of the measure pdx, so fli --- v_~ p 
in the sense of distributions. 

A I 79 means the restriction of the operator A on the set 79, A~' means the 

closure of the operator A in the space B. 

We assume further p(x) > 0 for almost every x E IR a, 

p E LI(IRd), paij E L~oc(IRd), ~ / i , j  = 1 ,2 , . . .  ,d, 

~i E L~oc(IR d,pdx), V i = 1 , 2 , . . . , d ,  

(2) ]l:(d g x , ai j(x)  E IR 1 , V i , j  = l , 2 , . . . , d ,  

ai j(x)  = aji(x)  V i , j  = 1 ,2 , . . .  ,d and for almost every x e IRd 

_< aijIx) , j _< A v I R a  
i i,j i 
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All the functions are supposed to be real. 

It is well-known that form (1) is closable under conditions (2) (see [6]). 

We begin our consideration from the solutions of the equations with smooth 

coefficients 

(3) hUn - -  E ( V i  +/3n)ai~VjU, = f ,  

i , j  

Let 

13n,ainj,f • C~ °, ~ > 0 . 

A, = ( -  E ( V i  -Jr"/3n)a~Vj i" C~°)~b--.C, • 
i,j 

One can see from the maximum principle that the following inequality holds 

true 

IIV.lloo _< ) ,- ' t l f l l~ • 

THEOaEM 1: Let Un be a solution of the equation (3). Suppose that/3 E L 4. 

Then 

(4) 

where  

IIVU.II~ ~ C(llfll~ + Ilfll~), 

~llV~V,U,,ll~ _< C(ll/ll~ + [l/ll~), 
i,j 

c =C(~,d)(1 + llZ"il,' + llZlf,' + II ~ ( ~  la:~Z,I)~if~ 
i i 

+ J l E ( Z  n .  lailfli  I) ]i2 -{- max I[VkaiiH4) . 
i,j,k j i 

Proo~ We follow the procedure in [7]. By the regularity theory U.~ E C~.  

Multiplying both parts of the equality 

~V. - ~ ( V ,  + fln)£.Wj = f ,  Wj = % V .  
i,j 

by V+Wk, V + = -Vk  -/~k, yields after integration by parts 

,~llWIl~ + ~ < VjWk,a~ViWk > + Z < (Vkai~)Wj' ViWk > 
i,j,k i,j,k 

q- ~ < a~(VjWk),fl iWk > Jr E < (Vka~j)Wj, /~iWk > 

(5)  ~,j,k ~,j,k 
+ ~ < a,"~;w~, vkw~ > + ~ < ~,njznwj, Z~Wk > 

i,j,k i,j,k 

= ~ < f ,  v~+w~ > 
k 
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We use the  following nota t ions :  

Isr. J. Msth 

x= ~ < v~w~,, ,~v,w~ >, 7 = ~ < wi,,7~w~, IWl = > . 
i j ,~  i,j 

Let  us e s t ima te  t e rms  in (5): 

i j , k  

s < ~ l w ~ l ( ~ ( v ~ . ~ ) ~ ) ' / ~ , ( ~ ( v , w ~ ) ~ )  ~/~ > 
j i,k i,k 

n 2 1 / 2  2 1 / 2  _< < I W l ( y ~ ( v :  o) ) ( E ( V i W k ) )  )> 
i,j,k i,k 

n 2 2 _< ,~7" + 7.r + c~,-,ll ~ ( v k a ~  i) 11~, a > 0, 7 > 0 ,  
i,j,k 

~ 1 <  .~viwk,  ~w~ > I 
i,j,k 

<_ < (~-~(~-~ la~,l)2)~/2,(~-~(vjw~)~)'/~lWl > 
j i j,k 

_< ,~7" + ,rx + c.,-,l l ~()-~'~ la~'~P,I)=llg, 
./ i 

E I  < (V~,,~lWi, ~,W~ > I 
i,j,k 

<_ < I~l(~f '~(Vka~)2)~/L(~(WiWk)~)~/~ > 
i,j,~ j,k 

1 n 2 2 
_< ,~7 + C,,ll#ll I + ~ II ~ ( V ~ a ~ )  I1=, 

i,j,k 

)-~1 < a~'~#TWj, VkW~ >1_< o,7" +TZ + C,.,-,,dll ~-~(~la~#", l))211~ , 
i,j,k j i 

n n n n 2 2 1 II ~ ( ~  ]aijl~i I1 I1= ~ 1  < ,~:~ wj,  ~kw~ > I - ~ r  + C~ll/~ll,~ + ~ 
i,j,k j i 

I < f, VkWk > I - 7z + Cd,'rllfll~, 
k 

1 
~ 1  < f , / ~ w ~  > I -< ~7- + C,,ll/~ll,' + ~ llfll~ • 

k 
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Finally we obtain the following inequality: 

,xllw[l~ + I <sT- + c6(1[ Y~(Vka~)211~ + II/fll: + II ) - ' ~ (~  la~/~d)2l[~) 
(6) ~,j,k i 

+ C6,,(11 )--'~ ()--~ la~D/'l)21l~ + Ilfll~). 
j i 

Now let us prove the inverse estimate using the equation (3): 

r = ~ < W,a~W~IWl ~ >= - ~ < V..(V, + ~,)~W~JW? > 
i , j  i , j  

= < un,(~u. - f ) l w l  5 > - ~  < u. .  Iw12(~,- ~')a/'~wj > 
i,j 

- 2  ~ < u. ,al~wjwkv,w~ > 
i,j,k 

_<llU.(Au,, -/)lloollWll~ 
+ JlU.Iloo(Y'~ < W~a~'iwi, IWl 2 > ) 1 / 5 ( ~  < I/~i - / ~ 1 ,  IWl 5 >)1/5 

(7) i,~ ~,j 
I 1  I t  . + 2llU,,lloo(E < ViWk, ai jV iWk > ) 1 / 5 ( E  < Wiai jW ), IWI 2 >)1/2 

i,j,k i,j 

2 n n <_2 1 1 IJ/lloo ~ < (~, - / ~  )a~j(flj -/~j'), IWl 5 > -A Ilfll~ltWIl~ + ~ 7"+ 
i,j 

4 1 17" 4 2 
+ ~ Ilfll~x + ~7" < 2 + ~z Ilfll~1 + $ IIfll~llwIl~ 

1 1 E( ,8  i ,~;')a:~/(/~./ " z ~j )115 Ilfll~. + ~ Ilfll~Z + ~-11 - - 
i,j 

Estimates (6), (7) with 8 = A2/2011flI~ imply the statement of the theorem. 

Remark 1: Estimates (4) do not depend on the largest eigenvalue of the matrix 
(an~). 

THEOREM 2: Let aij ~ L °°, Vkaij  ~ L 4, ~i ~ L 4 V i , j , k  = 1 ,2 , . . . , d .  Then 

( g  I C ~ ( ~ a ) )  ~ = (H  I C ~ ( n ~ ) )  * (i.e. operator H I C g ¢ ( ~ )  is e sse~ t i~y  

self-adjoint). 

Proof'. Let f ~ C ~ .  Then U, ~ C ~  where U, is a solution of the equation 

(1 + A , ) U ,  = f in the space Cb. We have the following equality in L~: 

(1 + H)U~ = f  + ~-'~(a~j - a i j )ViVjUn 
i,j 

+ E ( V i a i ~  - -  Viai j )VjUn + ~-~(fl;'a:~j - -  f l ia i j )VjUn.  
i,j i,j 
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Choose sequences {a~}, {fl~} such that 

sup [ [a~  - ai j l [oo < oo, lira ]Ia~ - a i j l [2  = 0,  l ira ] lV ia '~  - V i a i j ] [ 4  = O ,  
n 

1into E II~nai~ -- ~iaijll4 ~" O. 
i 

Using Theorem 1 we have 

lim II(1 + H)Un - fll2 = o. 
n 

So Ran((1 + H)  I C ~ )  ~ = L2. 

L e t w • C ~  °, 0 < w < l ,  w ( z ) = l i f [ x I < l a n d w ( x ) = O i f l x l > 2 ,  w n ( x ) =  

w(~). It is easy to check directly that 

lira II(1 + H ) w n f  - (1 + H)/]I2 = 0 
n 

for V / ~  c f f .  

Remark 2: In the special case aij = ,5 0 this result was obtained in [4], where it 

was shown that condition fl E L* could not be improved. 

THEOREM ,3: Let An = ( - ~ i ( V i  + fl~)k2Vi r C~°)~b • Suppose that fl E 

L4, fin E C~ ° ,k  E C~ °. Let Un be asolut ion of the equation (A + An)U~ = 

f ,  A>O,  f E C~'. Then 

IlkVUnll 4 ~ ClIflIL, 

IIkV,%Unlt~ _< eli/IlL, 
i,j 

where C = C(A)(1 + Ilkfllt~ + Ilkfl"lt~ + IIVkll~), C(A) > O. 

Proof'. Multiply both parts of the equation (A + An)Un = f by V+k2Wj ,  Wj = 

V j U .  in L 2. Using the equation we have 

(8) 

AIIkWII~ + Z + 4 ~ < k~V,Wj, (V,k)kWj > + Z < k~V'W~,~k~WJ > 
id i,j 

+ 4ll(Vk)kWll ~ + 2 < (Vk)kW, kfl > + < f l n p w ,  ( f  - AUn) > 

+ < fl"kzw, (fl" - f l ) P w  >=</ ,  ( / -  Av.)  > + < / ,  (fl" - fl)k2w > 

where a r = ~ i , j  Hk2ViWJ[I~ • 
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Using H61der's and Cauchy's inequalities to estimate terms in (8) we have 

~llkWll~ + I ___ 61lkWll,%V~(llVkll, ' + Ilkflll, ' + IIk~"ll, ' )  (9) 
× (llflla + Ilfl loo)llfl l~, ~ > 0, C~ > 0 .  

Again using the equation after integration by parts we obtain 

IlkWll~ = < Un,k~IWI=() ,U,  - f )  > + < Un, k2[Wl2(fl  n - t3)k2W > 

- 2  < U , , ( V k ) k W .  k21Wl ~ > - 2  ~-~" < U , , k 2 W i W ~ k 2 V i W j  > . 
i , j  

From the last equality 

4 
IlkWlt~ ___ ~ Ilfl l~x + c~(llVkll~ + llkl~ - ~"lli~)llfll~ 

Combining this inequality with (9) and choosing 6 = ~2/sllfll ~ we obtain 

the statement of the theorem. 

R e m a r k  3: It should be pointed out that estimates in Theorem 3 do not depend 

on dimension. 
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